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Abstract 

We establish some characterizations of elliptic hyperboloids (resp., ellipsoids) in the (n + 
l)-dimensional Euclidean space E""^^, using the n-dimensional area of the sections cut off by 
hyperplanes and the (n + l)-dimensional volume of regions between parallel hyperplanes. We 
also give a few characterizations of elliptic paraboloids in the (n + l)-dimensional Euclidean 
space E"+-'-. 

1. Introduction 

In what follows we will say that a convex hypersurface of M"^^ is strictly convex if the 
hypersurface is of positive normal curvatures with respect to the unit normal N pointing to the 
convex side. In particular, the Gauss-Kronecker curvature K is positive with respect to the unit 
normal N . We will also say that a convex function / : R" — t- M is strictly convex if the graph of 
/ is strictly convex with respect to the upward unit normal A^. 

Consider a smooth function g : — t- M. We denote by Rg the set of all regular values 
of the function g. We assume that there exists an interval Sg C Rg such that for every k ^ Sg, 
the level hypersurface = g~^{k) is a smooth strictly convex hypersurface in the (n + 1)- 
dimensional Euclidean space E"^^. We also denote by Sg the maximal interval in Rg which 
satisfies the above property. 
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Kk E Sg, then we may choose a maximal interval Ik C Sg so that each M^+h with k + h E Ik 
lies in the convex side of Mj.. Note that Ik is of the form {k, a) with a > A; or (6, k) with b < k 
according as the gradient of the function g points to the convex side of Mk or not. 

For examples, consider two functions g± : M"+-^ — >■ M defined by g{x, z) = ± {a\x\ H + 

a^x^) with positive constants ai, • • • ,a„. Then, for the function g^ we have Rg_ = R — {0}, 
Sg_ = (0,00) and Ik = (fc, 00), k G Sg_. For 5+, we get Rg_^ = Sg_^ = (0, 00) and Ik = (0, fc) 
with k G Sg_^ . 

For a fixed point p G Mk with k G Sg and a sufficiently small with k + h £ Ik, we consider 
the tangent hyperplane ^ of Mk+h some point v G Mk+hi which is parallel to the tangent 
hyperplane ^ of Mk at p G Mk- We denote by A*{k,h),V*{k,h) and S*{k,h) the n-dimensional 
area of the section in $ enclosed by $ n Mk, the (n + l)-dimensional volume of the region 
bounded by Mk and the hyperplane <I>, and the ra-dimensional surface area of the region of Mk 
between the two hyperplanes $ and respectively. 

In [3], the author and Y. H. Kim studied hypersurfaces in the (n+ l)-dimcnsional Euclidean 
space E"^^ defined by the graph of some function / : M" — t- M. In our notations, they proved the 
following characterization theorem for elliptic paraboloids in the (n + 1) -dimensional Euclidean 
space E""*"^, which extends a result in [2]. 

Proposition 1. Suppose that / : M" ^ R is a strictly convex function. We consider the 
function g : R"'+^ — >■ R defined by g{x, z) = z — f{x),x = (xi, • • • , x„). Then, the following are 
equivalent. 

1) For a fixed k E R, V*{k, h) is a nonncgative function (j){h), which depends only on h. 

2) For a fixed k £ R, A*{k,h)/\Vg{p)\ is a nonnegative function tp{h), which depends only on 
h. Here Vg denotes the gradient of g. 

3) The function f{x) is a quadratic polynomial given by f{x) = a\x\ + • • • + a^x^ with > 
0, z = 1, 2, • • • ,n, and hence every level hypersurface Mk of g is an elliptic paraboloid. 

Note that in the above proposition, Rg = Sg = R and Ik = {k, 00). 

In particular, when n = 2, in a long series of propositions, Archimedes proved that every 
level surface Mk (paraboloid of rotation) of the function g{x,y,z) = z — a?{x'^ + y^) in the 
3-dimcnsional Euclidean space E"^ satisfies V*{k,h) = ch^ for some constant c ([5], p. 66 and 
Appendix A and B). 
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In this paper, we study the family of strictly convex level hypersurfaces M^, k E Sg of & 
function g : M"+^ R which satisfies the following conditions. 

{V*): For k & Sg with k + h £ 1^, Vp{k, h) with p G is a nonnegative function 4>k{h), which 
depends only on k and h. 

{A*): For k e Sg with k + h G Ik, A*{k,h)/\Vg{p)\ withp G Mk is a nonnegative function tpk{h), 
which depends only on k and h. 

(S*): For k e Sg with k + h e Ik, S*{k, h)/\Vg{p)\ with p G Mj. is a nonnegative function rik{h), 
which depends only on k and h. 

As a result, first of all, we establish the following characterizations of elliptic hyperboloids. 

Theorem 2. Let / : MP — >■ R be a nonnegative strictly convex function. For a nonzero real 

number a £ R with a ^ 1, let's denote by g the function defined by g{x, z) = — f{x). Suppose 
that the level hypersurfaces M^^k G Sg) of g in the (n + l)-dimensional Euclidean space E"+^ 
are strictly convex. Then the following are equivalent. 

1) The function g satisfies Condition (V*). 

2) The function g satisfies Condition (A*). 

3) For k G Sg, K{p)\Vg{p)\"'~^'^ = c{k) is constant on M^, where K{p) denotes the Gauss- 
Kronecker curvature of at p £ with respect to the unit normal pointing to the convex 
side. 

4) The function g is given by 

g{x, z) = z^ - {a\xl + ■■■ + a^x^), 

where > 0, i = 1, 2, • • • , ra. In this case, Rg = R — {0}, Sg = (0, oo) and Ik = {k, oo), k G Sg. 

Next, in the similar way to the proof of Theorem 2, we prove the following characterizations 
of ellipsoids. 

Theorem 3. Let / : M" — > R be a nonnegative strictly convex function. For a nonzero real 
number a e R with a ^ 1, let's denote by g the function defined by g{x, z) = z°' + f{x). Suppose 
that the level hypersurfaces Mk{k G Sg) of g in the (n + l)-dimensional Euclidean space E"'+-'^ 
are strictly convex. Then the following are equivalent. 

1) The function g satisfies Condition {V*). 

2) The function g satisfies Condition (A*). 
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3) For k G Sg, K{p)\Vg{p)\^'^'^ = c{k) is constant on M^, where K{p) denotes the Gauss- 
Kronecker curvature of at p G with respect to the unit normal pointing to the convex 
side. 

4) The function g is given by 

/ \ 2 I 2 2 I I 2 2 

g{x,z) = z +aiXi H l-a„x„, 

where Oj > 0, ? = 1, 2, • • • , n. In this case, Rg = Sg = (0, oo) and Ik = {0,k), k e Sg. 

In view of the above theorems and Lemma 9 in Section 2, it is natural to ask the following 
question. 

Question 4. Which functions g : ]R"+^ R satisfy Condition {S*)7 

Partially, we answer Question 4 as follows. 

Theorem 5. Let / : — t- M be a nonncgative strictly convex function. For a nonzero real 
number a £ R with a ^ 1, let's denote by g the function defined by g{x, z) = — f{x). Suppose 
that the level hypersurfaces Mk{k G Sg) of g in the (n + l)-dimensional Euclidean space E""*"-*- 
are strictly convex. Then, the function g does not satisfy Condition [S*). 

In [3], using harmonic function theory, the author and Y. H. Kim proved Theorem 5 when 
a = 1. 

Finally, we generalize the characterization theorem of [3] for elliptic paraboloids in the (n+1)- 
dimensional Euclidean space E""*"-*^ as follows. 

Theorem 6. Let / : — t- M be a nonnegative strictly convex function. For a nonzero real 
number a G R with a ^ 2, let's denote by g the function defined by g{x, z) = z'^ — f{x). Suppose 
that the level hypersurfaces Mk{k G Sg) of g in the {n + l)-dimensional Euclidean space E""*"-^ 
are strictly convex. Then the following are equivalent. 

1) The function g satisfies Condition {V*). 

2) The function g satisfies Condition {A*). 

3) For k G Sg, K{p)\V g{p)\^+'^ = c{k) is constant on M^. 

4) The function g is given by 

/ \ 2 2 2 2 

g[x,z) = z- aiXi a„x„. 
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where ai, • • • , are positive constants. In this case, Rg = Sg = R and Ik = {k, oo). 

Throughout this article, all objects are smooth and connected, unless otherwise mentioned. 

2. Preliminaries 

Suppose that M is a smooth strictly convex hypersurface in the (n+l)-dimensional Euclidean 
space E"+^ with the unit normal N pointing to the convex side. For a fixed point p e M and 
for a sufficiently small t > 0, consider the hyperplane $ passing through the point p + tN{p) 
which is parallel to the tangent hyperplane ^' of M at p. 

We denote by Ap{t),Vp{t) and Sp{t) the n-dimensional area of the section in $ enclosed 
by $ n M, the (n + l)-dimensional volume of the region bounded by the hypersurface and the 
hyperplane $ and the n-dimensional surface area of the region of M between the two hyperplanes 
$ and respectively. 

Now, we may introduce a coordinate system {x,z) = (xi,X2,--- ,Xn,z) of E""'"^ with the 
origin p, the tangent hyperplane of M at p is the hyperplane z = 0. Furthermore, we may 
assume that M is locally the graph of a non-negative strictly convex function / : MJ^ — >■ M. 
Hence N is the unit normal pointing upward. 

Then, for a sufficiently small i > we have 



{t)= f Idx, (2.1) 
Jf{x)<t 

Vp{t) = f {t- f{x)}dx (2.2) 

Jfix'Xt 



lf{x)<t 

and 

Sp{t) = [ ^/l+WWdx, (2.3) 

Jf{x)<t 

where x = {xi,X2, - ■ ■ ,Xn), dx = dx\dx2---dxn and V/ denote the gradient vector of the 
function /. 

Note that we also have 



Vp{t)= [ {t-f{x)}da 

Jf(x)<t 



T", (2.4) 
/ { / Idxjdz. 

Jz=0 J f{x)<z 



Hence, together with the fundamental theorem of calculus, (2.4) shows that 



V'{t) = ldx = Ap{t). (2.5) 

Jf{x)<t 
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In order to prove our theorems, first of all, we need the following. 



Lemma 7. Suppose that the Gauss-Kronecker curvature K(p) of M at p is positive with respect 

to the unit normal N pointing to the convex side of M. Then we have the following. 

1) 

2) 

lini —^VJt) = (V^)"^"^ (2.7) 



3) 



t-o (Vi)- ' ./Kip) ^ 



where a;„ denotes the volume of the ra-dimensional unit ball. 

Proof. For proofs of 1), 2) and 3) with n=2, see Lemma 7 of [2]. For a proof of 3) with arbitrary 
n, see Lemma 8 of [3]. 

Now, we prove the following. 

Lemma 8. Consider the family of strictly convex level hypersurfaces = g~^{k) of a function 
g : M"+^ M which satisfies Condition {V*). Then, for each k e Sg, on we have 

K{p)\Vgip)r+^ = cik), (2.9) 

which is independent of p £ Mk, where K{p) is the Gauss-Kroneckcr curvature of Mfc at p with 
respect to the unit normal N pointing to the convex side and Vg{p) denotes the gradient of g 
at p. 

Proof. By considering —g if necessary, we may assume that is of the form [k, a] with a > k, 
that is, N = V5/IV5I on M^. For a fixed point p G Mk and a small t > 0, we have 

Vpit) = v;{k,hit)) = Mh{t)), 

where h = h{t) is a positive function with h{0) = 0. By differentiating with respect to t, we get 

Mt) = Vpit) = <P'kih)h'it), (2.10) 
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where (t>'f,{h) denotes the derivative of with respect to h. Hence we obtain 



1 . m_ '^l.W..MW^nw 



A,{t) = ^U^rh'{t). (2.11) 



Now we claim that 

limh'{t) = \Vgip)\. (2.12) 

Assuming (2.12), we also get 



lim^^ = VlV^- (2-13) 

Let us put lim^i^o </'fc(^)/(V^)"' = l{k), which is independent of p. Then it follows from (2.11), 
(2.12), (2.13) and Lemma 7 that 

on, ,2 

K{p)\Vg{p)r' = (2.14) 

which is constant on the level hypersurface Mj.. Thus it suffices to show that (2.12) holds. 

In order to prove (2.12), we consider an orthonormal basis Ei,--- ,En,N(p) of E""*"^ at 
p G Mfc, where Ei,--- ,En G Tp^M^) and N{p) = V g{p) /\V g{p)\ is the unit normal pointing 
to the convex side. We consider a 1-parameter family of hyperplanes $^(5]^, * * * ,5^) — 
p + tN{p) + Yi^^-ySiEi, which are parallel to the tangent hypcrplanc <I>o of ^^k at p. For small 
t > 0, there exist Si = Si{t),i = 1, 2, • • • , n with Sj(0) = such that $t is tangent to M/^.^.^^ at 
Si = Si{t),i = 1, 2, • • • , n. Hence we have 

k + h{t) = giMsi, ■■■ , sn)) = g{p + tN{p) + ^2^Mt)Ei). (2.15) 
Thus, by differentiating with respect to t, we get 

^ = (vg{Msi,--- ,Sn)),N{p) + ^^,^E,y (2.16) 

Note that $t(si, • • • , s„) — >■ p as t tends to 0. Therefore, we obtain 

rlh 

lim- = Imi {Vg{p),N{p)) = \Vg{p)\, (2.17) 
which completes the proof of (2.12). This completes the proof. □ 
Similarly to the proof of Lemma 8, we may obtain 
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Lemma 9. Consider the family of strictly convex level hypersurfaces = g ""^(fc) of a function 

g : M"+i R which satisfies either Condition (A*) or Condition {S*). Then, on with k e Sg 
we have 

K{p)\Vg{pr+^ = d{k), (2.18) 

which is independent of p G M^, where K{p) is the Gauss-Kronecker curvature of Mj. at p with 
respect to the unit normal N pointing to the convex side and 'Vg{p) denotes the gradient of g 
at p. 

Proof. As in the proof of Lemma 8, we may assume that Ik is of the form [k, a] with a> k, that 
is, N = Vg/\Vg\ on M^. For a fixed point p G Mk and a small t > 0, we have Ap{t) = A*{k, h{t)) 
for some positive function h = h{t) with ^(0) = 0. Suppose that satisfies Condition (A*). 
Then, we have 

Apit) = A;{k,hit)) = Mh{tm9(p)\- (2.19) 

Hence we obtain 



(Vt)" (V^)"'V t 

We put \imh-i.o i'kih) / {■s/h)'" = P{k), which is independent of p G M^. Then it follows from 
(2.13), (2.20) and Lemma 7 that 

on 2 

Kip)\Vg{p)r' = (2.21) 

which is constant on the level hypersurface Mj.. 

The remaining case can be treated similarly. This completes the proof. □ 

3. Ellipsoids and elliptic hyperboloids 

In this section, first of all, we prove Theorem 2. 

For a nonzero real number a with a ^ 1 and a nonncgativc convex function f{x) defined 
on R", we consider the function g{x,z) = — f{x). Wc assume that the level hypersurfaces 
Mfc, k & Sg defined by g{x, z) = k are all strictly convex, and hence each M^, k £ Sg has positive 
Gauss-Kronecker curvature K with respect to the unit normal N pointing to the convex side. 

On each M^, by differentiating, we have for a fixed point p = (x, z) G M^, 

V/ = az'^-^Vz, 

|V5(p)P = aV"-2 + |V/(x)|2, (3.1) 
= Q,2_g2a-i (^^"fiJ - (a - hj = 1,2, • • • ,n. 
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where Zi denotes the partial derivative of z with respect to Xi,i = 1,2, •• • ,n, and so on. The 
Gauss-Kronecker curvature K{p) of at p is given by ([6]) 



Kip) = 



det{z 



(VI + |Vz|2)"+2 



(3.2) 



(Va2^2a-2 + |v/(a;)|2)n+2 ' 

where the second equaUty follows from (3.1). Thus, it follows from (3.1) and (3.2) that 

|n+2 ^ ^n+2^(a-l)(n+2) 
1 



^(p)|V5(p)r+' = det(zij) 



det(az"/y - (a - 1)/^/,). 



(3.3) 



First, suppose that the function g(x,z) = z" — f{x) satisfies Condition {V*) or Condition 
(^4*). Then, it follows from Lemma 8 or Lemma 9 that the function g satisfies the condition 3) 
of Theorem 2. That is, there exists a constant c{k) depending on k such that 



det(az-/,,- - (a - 1)/,/,) = a^--'c{k)z'-^-^'-+\ 
By substituting = f(x) + k into (3.4), we see that f{x) satisfies 

det(a(/(x) + k)fij - (a - 1)/^/,) = a"-2c(A:)(/(x) + kT'^+^Z''. 



(3.4) 



(3.5) 



We denote by Ai,i = 1,2, 
of (3.5). Then we have 



, n the i-th column vector of the matrix in the left hand side 
Ai = a{f{x) + k)Bi - d, (3.6) 



where 



fi2 
\fin/ 



Vfi, Ci = {a- l)fi 



f2 
\fnj 



(a - 1)/,V/. 



(3.7) 



Hence, it follows from the multilinear alternating property of determinant function that 
det(.4i,--- ,A„) = a"(/(x) + fc)"det(i?i,--- ,S„) 

-a"-i(/(x) + fc)"-Hdet(Ci,i?2,-- - ,Bn) (3.8) 
+ --- + det(5i,52,-- - ,Bn-l,Cn)}. 
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Since det(/ij) = det(Si, • • • ,S„), it follows from (3.5) and (3.8) that 

c{k){f{x) + A;)(2-")/° = a\f{x) + k) det(^) - a{det(Ci, B2, • • • , B„) 

+ . . . + dct(Si, ^2, • • • , S„-i, Cn)} (3.9) 
= A{x)k + B{x), 
where we use the following notations. 

A{x) = c? detifij), 

B{x) = a^f{x) detifij) - a{det(Ci, B2, • • • , B„) (3.10) 

+ --- + det(Si,S2,-- - ,S„_i,C„)}. 

Note that the right hand side of (3.9) is a linear polynomial in A; with functions in x = 
(xi,--- ,a;„) as coefficients. Furthermore, note that for each k, c{k) is positive and f{x) + k 
is a nonconstant function in x. It follows from (3.9) that 

c(A:)" = {A{x)k + B{x))'^{k + /(a;))"-^ (3.11) 

Suppose that a is a nonzero real number with a 7^ 1,2. Then, by using logarithmic differ- 
entiation of (3.11) with respect to Xj, z = 1, 2, • • • , n, we get 

a{VA{x)k + VB{x)){k + f{x)) + (a - 2){A{x)k + B{x))Vf{x) = 0, (3.12) 

which is a quadratic polynomial in k. It follows from (3.12) and the assumption a 7^ 0, 1, 2 that 
V/(.x) = 0, which is a contradiction. 

Thus, by assumption, we see that a = 2 is the only possible case. In this case, (3.9) implies 
that for some constants a and b, c{k) = ak + b with A{x) = a and B{x) = b. It follows from 
(3.10) that 

det(/i,) = ^, (3.13) 

and 

det(Ci, S2, ■■■ ,Bn) + --- + det(Si, S2, • • • , B^-i, Cn) = ^{af{x) - b), (3.14) 

where 

Bi = Vfi, Ci = f,Vf, i = 1, 2, • • • , n. (3.15) 

Since f{x) is a nonncgative strictly convex function, (3.13) shows that det(fij) is a positive 
constant on R". Hence f{x) is a quadratic polynomial given by ([1], [4]) 

f{xi,--- ,Xn) = alxl-\ \-alxl, ai,---,a„>0. (3.16) 
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Thus, the level hypersurfaces must be the elliptic hyperboloids = g ^{k), where g{x,z) = 
— {a\x\ H V al^x'^),z > with A; > and ai, • • • , a„ > 0. 

Conversely, consider the function g given by g{x,z) = — f{x),z > with k > 0, where 

f{x) = afxl H h a^Xn, , > 0. For the function g, we have Rg = R — {0}, Sg = (0, oo) 

and /fc = (A:, oo), k G Sg. 

For a fixed A; > and a small h > 0, consider the tangent hyperplane ^ of at a point 
p G Mfe. There exists a point v G Mk+h such that the tangent hyperplane $ of Mk+h at v is 
parallel to the hyperplane The two points p and v of tangency are related by 



V = = bi' • • • '^'n, a/t^+T), = aiPi H h a^p^. (3.17) 

Note that V*{k,h) denote the (n + l)-dimensional volume of the region of cut off by the 
hyperplane 

Then the linear mapping 

Ti{xi,X2,--- ,Xn,z) = {aiXi,a2X2, - ■ ■ ,anXn,z) (3.18) 

transforms (resp., Mk+h) onto a hyperboloid of revolution M'j^ : z^ = x\ + x\-\ Vx'^ + k, 

(resp., Mj(.^^ : z"^ = x\ + x^ -\ + + A; + ^), $ to a hyperplane p G and v G Mfe+/i 

to points of tangency p' = (jp'i,--- ,p'n,sJ{r'Y + k) G Mj(. and v' = {^k + h/Vk)p' G Mj(.^^, 
respectively, where (r')^ = S(p9^- ''^^ V^'/*(A;, /i) denote the volume of the region of Mj^ cut 
off by the hyperplane then we get 

V^ik, h) = ai--- anV;ik, h). (3.19) 

Let's consider the rotation A around the z-axis which maps the point p' of tangency to 
p" = (0, • • ■ ,0, r', ^J{r'Y + k). Then the rotation A takes v' to v" = {Vk + h/Vk)p". Note that 
the 1-parameter group B(t) on the x^z-plane defined by 

^« - (It: it:) . 

takes the upper hyperbola z'^ = x^ + k,z > (resp., = x'^ + k + h,z > 0) onto itself. 
Hence, there exists a parameter to such that B{to) maps p" to p'" = (0, ... ,0, \/^) (resp., v" to 



i;'" = (0,...,0,VfcT^)). 



We consider the linear mapping T2 = B{to) o A of R""'"-'^, where B{to) denotes the extended 
linear mapping of B{to) on R"+^ fixing xi - ■ ■ a;„_i-plane. Then the linear mapping T2 takes 
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the hyperboloid of rotation Mj^ (resp., Mj[.^^) onto itself, p' and v' to the points of tangency 
p'" = {0,...,0,Vk) and v'" = (0, . . . , 0, Vk + h), to the hyperplane ^" : z = Vk + h. 
Due to the volume-preserving property of T2, we obtain 

V^r{k,h) = V*{k,h), (3.21) 

where V*{k, h) denotes the volume of the region of M'^ cut off by the hyperplane Together 
with (3.19), it follows from (3.21) that 

, , rVh , 

V*{k, h) = " {x/fc + fe/i"/^ - n / + kr^'-^dr}, (3.22) 

^ ai • • • On Jo 

where ojn denotes the volume of the n-dimensional unit ball. Hence, we see that V*{k,h) is 
independent of the point p G M^, which is denoted by (f)k{h). Thus the function g given by 
g{x,z) = — f{x),z > satisfies Condition {V*). 

Finally, we show that the function g given by g{x,z) = — f{x),z > with k > 0, 
where f{x) = a{x\ + ••• + a^x^,ai,--- ,a„ > satisfies Condition {A*). For a fixed point 
P = (Pi) ■ ■ ■ ^Pn, Vr'^ + k) G Mfc, where = afpl + • • • + a^p^, and a small t E R, we have 
Vp{t) = (j)k{h{t)) for some h = h{t) with h(0) = 0. By differentiating with respect to t, from 
(2.5) we get 

Apit) = V;{t) = <P'k{h)h'it), (3.23) 

where 4>'i^{h) denotes the derivative of (j)k with respect to h. 
With the aid of (3.17), it is straightforward to show that 

_ 2VkiVkTh-Vk) ,0 0A^ 



Hence we get 
It follows from (3.24), (3.25) and (3.23) that 



h{t) = j^\Vgip)\H' + \Vg{p)\t. (3.25) 



A;{k,h) = A,{t) = ^^^c^'^(h)\Vg{p)\, (3.26) 

which shows that the function g given by g{x, z) = z^ — f{x),z > satisfies Condition {A*). 

It follows from (3.9) and (3.10) with a = 2 that the function g given by g{x, z) = z^—f{x),z > 
satisfies 

K{p)\Vg{p)r+'' = c{k) = ■ ■ ■ a^k. (3.27) 
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This completes the proof of Theorem 2. 



Next, we prove Theorem 3 as follows. 

For a nonzero real number a. with a 7^ 1 and a nonnegative convex function j{x) defined 
on R", we consider the function g{x,z) = + f{x). We assume that the level hypersurfaces 
Mk, k e Sg defined by g{x, z) = k are all strictly convex, and hence each Mk, k e Sg has positive 
Gauss-Kronecker curvature K with respect to the unit normal N pointing to the convex side. 

Suppose that the function g satisfies Condition {V*) or Condition (A*). Then, it follows 
from Lemma 8 or Lemma 9 that Mj. satisfies the condition 3) of Theorem 3. Then, changing 
f{x) by —f{x) in the proof of Theorem 2, (3.11) shows that f{x) satisfies 

(-l)""c(fe)" = {A{x)k + B{x) f{k - f{x)r-^, (3.28) 

where 

A{x) = det(^), 

B{x) = -a^f{x) deiUij) + a{det(Ci, B2, • • • , S„) (3.29) 

+ ---+det(Si,S2,-- - ,S„_i,Cn)}, 

and Bi = V fi, Q = (a — l)/jV/, z = 1, 2, • • • ,n. Since c{k) > 0, the logarithmic differentiation 
of (3.28) shows that a = 2, and hence for some constants a and b, we get (— l)"c(A;) = ak+b with 
det(/jj) = a/4. Since f{x) is a nonnegative strictly convex function, this implies that det(/y) 
is a positive constant on R". By the same argument as in the proof of Theorem 2, we see that 
f{x) is a quadratic polynomial given by 

f{xi,--- ,Xn) = alxl-\ \-alxl, ai,---,a„>0. (3.30) 

Thus, the level hypersurfaces must be the ellipsoids given by g{x,z) = z^ + a\x\-\ l-On^n ~ ^ 



with A; > and ai, • • • , a„ > 0. 

Conversely, we consider the function g given by g{x, z) = z'^ + a\x\ + • • • + a^x"^ with 
ai, • • • , a„ > 0. For the function g, we have Rg = Sg = (0, 00) and 7^ = {Q,k), k ^ Sg. 

For a fixed A; > and a point p G Mjt, consider the tangent hyperplane ^ of at p. For 
a sufficiently small /i < with A; + /t > 0, there exists a point v G Mjt+/j such that the tangent 
hyperplane $ of M^j^h at v is parallel to the hyperplane ^. The two points p and v of tangency 
are related by 

^/k + h 



v = —^p, p={pi,--- ,pn, \Jk- r'^),r'^ = ajpj H \- a^pl. (3.31) 



13 



Then the hnear mapping 



Ti(xi,X2,--- .Xn.Z) = {aiXi,a2X2, - ■ ■ ,anXn,z) (3.32) 

transforms (resp., Mfc^^) onto a hypersphere MjJ. : x\ + X2 + ■ ■ ■ + + = k, (resp., 

-^t+^i ■■ xl + xl-\ \- x"^ + z'^ = k + h), ^ to a, hyperplane p G Mk and v G Mk+h to points 

of tangency p' = {p'l, ■ ■ ■ ,p'^, \/k— {r'Y) G MjJ. and v' = {■s/k + h/\/k)p' G M'f,_^f^, respectively, 
where (r')^ = The corresponding volume V^{k,h) is given by 

V^r{k, h) = ai--- anV*{k, h). (3.33) 

By the symmetry of hyperspheres MjJ. and centered at the origin, we see that Vp^{k,h) 

is independent of the point p' . This, together with (3.33), shows that the function g satisfies 
Condition {V*). 

Finally, we show that the function g given by g{x, z) = z'^+a\x\-\ l"«n^n with ai, • • • ,an> 

satisfies Condition {A*). 

For a fixed point p = (pi, • • • s/k — r^) G M^, where = afpf + • • • + a^p^, and a 
small t > 0, we have Vp{t) = <pk{h{t)) for some negative function h = h{t) with ^(0) = 0. By 
differentiating with respect to t, we get from (2.5) 

Mi) = Vpit) = Mh)h'{t), (3.34) 

where <p'i^{h) denotes the derivative of <pk with respect to h. 

With the help of (3.31), it is straightforward to show that the distance t from p G to the 
tangent hyperplane $ to M^^h at v G M^+fe is given by 

^ 2^/k{^/k-^/k + h) 

t= \^ . -. (3.35) 



Hence we get 
It follows from (3.34), (3.35) and (3.36) that 



hit) = j^\Vgip)\H''-\Vgip)\t. (3.36) 



A;{k,h) = Ap{t) = -^^-^^',ih)\Vg{p)\. (3.37) 



This shows that the function g given by g{x, z) = z^ + a\x\ + • • • + a^x'^ with ai, • • • , a„ > 
satisfies Condition {A*). 
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It follows from (3.28) and (3.29) with a = 2 that the family of ellipsoids satisfies 

K{p)\Vg{pT+^ = c{k) = 2^+\lal ■ ■ ■ alk. (3.38) 
This completes the proof of Theorem 3. 

4. Condition {S*) 

In this section, we prove Theorem 5. 

Let / : M" — > M be a nonnegative strictly convex function. For a real number a & R with 
a 7^ 0, 1, we consider the function g : 1^*^+^ — )• M defined by g{x, z) = z'^ — f{x)- 

Suppose that the level hypersurfaces Mk,k ^ Sg oi g in the (n + l)-dimensional Euclidean 
space E"+^ are strictly convex and that the function g satisfies Condition {S*). Then, as in the 
proof of Theorem 2, we can show that the function g is given by g{x, z) = — f{x),z > with 
A; > 0, where /(x) = + • • • + a^jX^, ai, • • • , a„ > 0. 

For a fixed k > and a small h > 0, consider the tangent hyperplane $ of Mfe_|_/i at a point 
V G Mk+h which is parallel to the tangent hyperplane * of at p G M^. The two points p 
and V of tangency are related by 



Vk + h y/k + h 2 2 2, ,2 2 

V = ^ p = —j=—[pi, ■ ■ ■ ,pn, Vr^ + k),r = aiPi -\ h a„p„. 

The tangent hyperplane $ of M^-^-h at u G M^+h is given by 



(4.1) 



^■z= J-^ {alpiXi + ■■■ + alpnXn + ^/k{k + h)}. (4.2) 
V?^ + k 

The linear transformation yi = aixi,-- - ,y„ = anXn,z = z transforms to M^, : = 
lyp + k, p = (pi, ■ ■ ■ ,pn, Vr'^ + k) to q = {aipi, • • • , a„p„, Vr'^ + k), and $ to the hyperplane 
defined by 

^' • ^ = ^4— r {(g' + Vfc(^ + h)}. (4.3) 

Hence the n-dimensional surface area S*{k, h) of the region of Mj. between the two hyperplanes 
$ and * is given by 

s;ik,h,^U {iA + i)yl + --- + « + i)yl + k)'r-^_ ^^^^^ 

where a = ai • • • and 

L»,(A;, h) : (|gp + fc)(|yp + k) < ((g, y) + VM^ + /i))^ (4.5) 
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By assumption, S*{k, h)/\Vg{p)\ = r}k{h) is independent of p. Since we have 
\Vg{p)\^ = 4((a2 + l)ql + • • • + (a^ + l)ql + k), 

we see that 

/ H{y)dy = 2ay/\q\^ + kH{q)rjkih), (4.6) 

•JDg{k,h) 

where we denote 

It is straightforward to show that Dq{k,h) is an elhpsoid centered at \/{k + h)lkq and its 
canonical form is given by 



h{\q\'^ + k) h 
This shows that the volume of Dq{k, h) is given by 



+ ^ < 1. (4.8) 



ViDg{k,h)) = -^{Vhry^WTkcVn- 



(4.9) 



Let's denote by 9k{h) the function defined by 



e,ih) = -^^mih). (4.10) 

Then, it follows from (4.6) and (4.9) that H{y) satisfies 

When q = 0, H{0) = 1 and Do{k,h) is the ball BQ{-\/h) of radius Vh centered at y = 0. 
Hence, (4.11) implies that for any positive numbers k and h 

edh) = ^ ^ f H(y)dy > 1. (4.12) 

If we let ai = max{ai\i = 1, 2, • • • , n}, then we have from (4.7) 

1 = HiO) < H{y) < Jal + \, 

(4.13) 



lim H{yi,0,--- ,0) = V«J + 1- 
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Thus, the left hand side of (4.11) is less than i/af + 1 for any positive numbers k,h and 
g G M". But, since 9k{h) > 1, for g = (gi, 0, • • • , 0) with sufficiently large qi, the right hand side 
of (4.11) is greater than ^/al + l. This contradiction completes the proof of Theorem 5. 

5. Elliptic paraboloids 

In this section, we prove Theorem 6. 

Let / : — 7- M be a nonnegative strictly convex function. For a real number a E R with 
a 7^ 0, 2, let's consider the function g defined by g{x,z) = — f{x). Wc suppose that the 
level hypersurfaces M^, k G Sg of g in the (n + l)-dimensional Euclidean space E""*"^ are strictly 
convex. 

Suppose that the function g satisfies the condition 1) or 2) in Theorem 6. Then, it follows 
from Lemma 8 or Lemma 9 that g satisfies the condition 3) in Theorem 6. 

First, we show that the condition 3) in Theorem 6 implies 4) as follows. As in the proof of 
Theorem 2 in Section 3, we can show that if a 7^ 0,1,2, then (3.12) leads to a contradiction. 
Since a 7^ 0, 2, the remaining case is for a = 1. In this case, it follows from (3.4) that 

det(^(x)) = c{k). (5.1) 

Hence we see that det(/jj) is a positive constant c with c{k) = c. Thus, f(x) is a quadratic 
polynomial given by ([1], [4]) 

f{xi,--- ,Xn) = ajxj^ \-alxl, ai,---,an>0. (5.2) 

Conversely, suppose that the level hypersurfaces are given by Mj. : z = f{x) + k, z > with 
k > 0, where f{x) = a\x\ + • • • + a^rc^, ai, • • • , > 0. In this case, we have Rg = Sg = R and 
Ik = (fe, 00). From the proof of Theorem 5 in [3], we get 

y;(A;,/i)=7n/i^"+')/' and Al{k,h) = ^^n\y g{vW'\ (5.3) 

where 

= ~( — 5.4 

and an-i denotes the surface area of the (n — l)-dimensional unit sphere. It also follows from 
(3.3) with a = 1 that 

K{p)\Vg{pr+' = 2^alal--al (5.5) 
This completes the proof of Theorem 6. 
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Corollary 10. Let / : — >■ M be a nonnegative strictly convex function. For a nonzero real 
number a e R, let's denote by g the function defined by g{x,z) = — f{x). Suppose that 
Rg = R and the level hypersurfaces of g in the (n + l)-dimensional Euclidean space E"+^ 
are strictly convex for all k e R. Then the following are equivalent. 

1) The function g satisfies Condition {V*). 

2) The function g satisfies Condition (A*). 

3) K{p)\Vg{p)\'^'^^ = c{k) is constant on each M^. 

4) For some positive constants ai, • • • , a„, 

g{x, z) = z- {alxl + ■■■ + a^x^). 

Proof. Suppose that the function g satisfies one of the conditions 1), 2) and 3). Then as above, 
we have a = 1 or a = 2. In case a = 2, c{k) is a nonconstant linear function in k. This 
contradicts to the positivity of c{k). Hence we have a = 1. Thus, Theorem 6 completes the 
proof. □ 
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